The basics of second-order neutron optics for bentcrystal three-axis spectrometers are presented. Energytransfer resolution for quasielastic scattering is examined in detail. Experimental data illustrating the effect of second-order aberrations are presented. The resolution of energy transfer at 5 meV neutron energy with bent monochromators made from commercial thin silicon wafers was improved to 8 meV from a previous record of 16 meV.
Introduction
New concepts of neutron-scattering instrumentation have been implemented in recent years, based on focusing effects that occur in crystal spectrometers with curved monochromators. Conventional instruments usē at mosaic crystals and Soller collimators. Resolution is improved by tightening collimation, with severe intensity losses. Focusing instruments are unconventional in that beams are wide open. Resolution is improved by controlling the curvatures and the re¯ectivity widths of crystal monochromators. Precise de®nition is achieved not for the wavevectors k i and k f (energies E i and E f ) of incident and scattered neutrons taken separately, but for the quantities that matter in scattering, namely the wavevector transfer Q = k i À k f and the energy transfer h3 = E i À E f (or linear combinations thereof). Focusing techniques allow the achievement of reasonable intensities at low-¯ux sources and of very high resolutions at high-¯ux sources.
Although focusing techniques for neutron instruments have already gained recognition (see Magerl & Wagner, 1994) , the theory is still at the stage of infancy: it corresponds to the linear paraxial approximation of the neutron optics. Under conditions of focusing, various ®rst-order aberrations vanish and second-order aberrations may come into play. We have already encountered such situations in bent-two-crystal smallangle neutron scattering (Popovici et al., 1995) and in high-resolution three-axis spectrometry (Popovici et al., 1998 (Popovici et al., , 1999 . A theory of second-order aberrations is needed. One may note that in conventional optics, modern design codes for high-performance components account for aberrations up to the third order.
For powder diffraction of characteristic X-rays in the parafocusing (Bragg±Brentano) arrangement, secondorder aberrations have been reviewed in a classic book (Wilson, 1963) .
Nonlinear effects are well known for curved perfect crystal monochromators for X-rays. For spectrometry analyzers, a method to eliminate chromatic aberration in the re¯ection (equatorial) plane was advanced long ago (Johansson, 1933) . For synchrotron radiation (SR), it has been shown that the Bragg angle is kept constant for any out-of-diffraction-plane (sagittal) divergence angle by a certain sagittal curvature (Sparks et al., 1980) . It has also been shown that the phase-space windows of two equatorially¯at crystals in parallel re¯ection match exactly at a certain sagittal curvature of one of the crystals (Sparks et al., 1982) . In all these situations, second-order aberrations vanish for point-like sources.
Early papers on second-order neutron optics refer to the effect of the vertical angular divergence on line shapes in powder diffraction (Howard, 1982; Prince, 1983; van Laar & Yelon, 1984) . A second-order theory of two-axis neutron spectrometers has been initiated for the case of powder diffractometry , but it has only been applied to the problem of line shifts. A general second-order theory of bent-crystal instruments does not exist yet, either for X-rays or for neutrons.
For three-axis spectrometry, the basics of secondorder neutron optics are presented in this paper. The energy-transfer resolution is examined in detail. Other cases will be presented in a separate paper. The ultimate goal is a comprehensive theory of aberrations in neutron instruments. The theory is expected to suggest ways of improving instrument performance by reducing aberrations. Experimental results on quasielastic scattering reported in this paper con®rm such expectations.
Focusing conditions
To derive focusing conditions one writes expressions for the quantities of interest in the form of series expansions. Quantities of interest are de®ned either in the phase space or in the scattering space. Expansions are in terms of variables relevant to the method. In conventional instruments, the relevant variables are angular deviations of neutron trajectories and of crystal mosaic blocks, which de®ne Bragg angles. In bent-crystal focusing instruments, Bragg angles depend on where neutrons strike the crystals. Neutron states are thus marked' by the positions where diffraction in the crystals and scattering in the sample occur. The relevant variables are the coordinates of these positions.
In the terminology of conventional optics, various types of focusing correspond to the canceling of aberrations of various kinds and orders. In today's neutron optics, linear relations are used and focusing conditions are obtained by canceling ®rst-order aberrations. On re¯ection by a bent crystal, spatial focusing occurs when the neutron coordinate across the beam at focus does not depend on the crystal lateral extension; monochromatic focusing occurs when the neutron energy does not depend on that extension; focusing in scattering occurs when the wavevector transfer in diffraction, or the energy transfer in scattering, are independent of the crystal extension, and so on. Independence, in turn, occurs when the corresponding coef®cients of series expansions vanish.
For bent-crystal three-axis neutron spectrometry, linear expressions for quantities in phase space and scattering space, and corresponding focusing conditions, have been derived earlier Popovici et al., 1987) . Linear algebra was used to compute the resolution function (Stoica, 1975; Popovici et al., 1987) . Matrix programs were used to compute distributions in phase space and scattering space. These programs also optimize scattering arrangements by automatically ful®lling focusing conditions and by maximizing a ®gure of merit that takes into account both resolution and intensity (Popovici et al., 1987 (Popovici et al., , 1994 .
Recent scattering experiments have shown that very high resolutions in energy transfer are obtainable with bent thin silicon wafers (Popovici et al., 1998 (Popovici et al., , 1999 . However, observed line widths were signi®cantly larger than computed in the linear approximation and the resolution volumes in scattering space were slightly curved. These effects were attributed to second-order aberrations.
Second-order relations for curved crystals
The general approach to neutron and SR optics is to consider paths in the phase space. For conventional instruments, neutron optics are essentially probabilistic. Distributions of neutrons in the phase space are computed from angular distributions of crystal mosaic blocks and of Soller collimators.
The relative importance of second-order aberrations increases at high resolutions, which are not common with conventional instruments but are typical with focusing instruments. In focusing instruments, neutrons are marked by spatial coordinates. Accurate marking for high resolution is achieved with thin samples and thin crystals with very narrow re¯ectivity curves. This results in almost unique correlations of spatial positions and wavevectors of the neutrons. In the phase space these correlations are represented by surfaces with very little blurring: the optics of focusing instruments become almost deterministic at high resolution.
In what follows, the thickness and re¯ectivity width of the crystals and the thickness of the sample will be neglected when computing second-order terms. These terms will be fully deterministic, which in the phase space is equivalent to accounting for the curvature of the correlation surface while neglecting the change in blurring due to second-order effects. However, ®rst-order terms, which are mainly responsible for that blurring, will be treated exactly.
The neutron optics of any bent crystal spectrometer must contain phase-space descriptions of two basic processes: (i) neutron propagation between two points and (ii) Bragg re¯ection by a deformed crystal. In the current synchrotron radiation optics (see Matsushita & Hashizume, 1983 ) the propagation is described by transport matrices. These matrices of the linear theory are replaced in the second-order theory by more complicated operators, as described below. A secondorder description of the Bragg re¯ection by bent crystals has been given earlier . This included second-order expressions for the components of the reciprocal-lattice vector within the deformed crystal. For the particular case of thin crystals of narrow re¯ectivity widths considered here, only ®rst-order expressions of these components will be needed.
On Bragg re¯ection, equatorial and axial coordinates in the phase space are decoupled in the ®rst order. To characterize the neutron state one may use two separate subsets of coordinates in subspaces of three and two dimensions, (Ák, , y) and (, z), where Ák is the deviation from the nominal wavevector k, y and z are spatial coordinates across the beam, and and are angular deviations from the beam axis in the diffraction (equatorial) and out-of-diffraction (sagittal, or axial) planes. When second-order terms are accounted for, equatorial and axial coordinates become coupled and one has to work in the full ®ve-dimensional phase space. However, if second-order terms are treated deterministically, then one can still de®ne two separate subsets of coordinates in four-and one-dimensional subspaces: (y, , z, ) and Ák. The ®rst subset is the propagation vector n = (y, , z, ), which describes the trajectory of the neutron independently of its wavevector.
The propagation vectors n 0 and n 1 at two positions separated by a distance L are related by
which are the same relations as in geometrical optics. In matrix notation this is n 1 = Tn 0 , the (4,4) matrix T having six non-zero elements, t 11 = t 22 = t 33 = t 44 = 1 and t 12 = t 34 = L. Such relations are rigorously linear when the spatial coordinates are taken across the beam. If the neutron coordinates are constrained to the surfaces of the thin crystals and sample, then the relations are only approximately linear. Generally, one has to include nonlinear terms, quadratic in the second order. Let us assume that the initial and ®nal positions (y 0 , z 0 ) and (y 1 , z 1 ) lie not on planes normal to the beam, but more generally on curved surfaces. The y 0 and y 1 coordinates will now be measured along these surfaces. Surfaces are characterized by their curvatures & e0 and & e1 in the equatorial plane and & a0 and & a1 in the axial plane, and at the beam axis (y = 0), these surfaces make angles 0 and 1 , respectively, with the beam direction in the equatorial plane. An inclination perpendicular to the beam means that = %/2. The generalization of (1) is then
with the coef®cients t H kYij given explicitly below [relations (3)]. Subscripts 0 and 1 refer to the pairs monochromator andsample(speci®cally,subscriptsM and S) or sample and analyzer (speci®cally, subscripts S and A). Curvatures referring to the sample will actually be zero (¯at sample).
The six non-zero coef®cients of the matrix T have changed to t 11 = sin 0 /sin 1 , t 22 = t 33 = t 44 = 1, t 12 = L/ sin 1 , and t 34 = L. The quadratic part has the general form n T 0 T H n 0 , with n T 0 the row matrix transpose of the column matrix n 0 , and T H a vector of four matrices, of which only the ®rst and the third have non-zero elements t H 1Yij and t
To model the re¯ection by bent crystals, the Bragg law in vector form k À k 0 = s (with s the position-dependent reciprocal-lattice vector) is assumed to hold locally at each point of the crystal. Let us denote the components of s by (( + Á(), Á( 2 and Á( 3 in the reference frame directed with axis 1 along the nominal s of the unbent crystal and axis 3 out of the diffraction plane. The angular deviations Á( 2 /( and Á( 3 /( depend on the position along the crystal. Explicit expressions for these deviations will be given later. In projections, the Bragg law supplies three scalar relations. Two of them involve angular variables only. Up to the second-order terms these are
where is the Bragg angle. Subscripts 0 and 1 refer to states before and after re¯ection, respectively. Relations (4a) and (4b) are strictly geometrical and do not depend on the neutron wavevector. They only express the fact that the re¯ection is specular. The third relation, the differential of the scalar Bragg law, de®nes the current wavevector of the re¯ected neutron:
Relations (4a)±(4c) apply to both the monochromator and analyzer (with corresponding subscripts). Appropriate de®nitions of reciprocal-lattice vector components Á( i /( allow the description of bent monochromators of any type, exotic (Johansson, sagittally conical or variable metric) included. For the usual type of bent crystals (no lateral gradient of lattice spacing, curvatures of neutral surface equal to curvatures of plate surface) explicit expressions of the components have been given . For the case of deterministic computations of second-order terms (negligible crystal thickness and re¯ectivity width) these reduce to
with 1 the crystal cutting angle describing the re¯ection asymmetry (1 = 0 for symmetric re¯ection). For Johannson-type monochromators (Johansson, 1933 ) the equatorial curvature & e in (5) differs from the curvature of the crystal surface given in (3). The sagittal conical geometry (Ice & Sparks, 1994) corresponds to Á( 2 /( = 0 and Á( 3 /( = À& a cos 1 (1 + cy/cos )z with c the conicity. Crystals of variable metric (Smither, 1982; Smither & Fernandez, 1992) correspond to Á( 2 /( = gy, with g the relative lateral gradient of lattice spacing.
The habitual notations for the equatorial and axial focal lengths will be used:
where R e = 1/& e and R a = 1/& a . Subscripts M for monochromator parameters, S for sample coordinates and inclination angle, and i for angular deviations of the incident neutrons, will be used.
By inserting (2) and (5) into (4a)±(4c), one obtains the expression for the wavevector variable of the neutrons incident to the sample placed at a distance L MS after the monochromator:
The nonlinear part has the form n T i Bn i , the symmetric 4 Â 4 matrix B having the following non-zero elements:
where the following notations have been used:
These formulae look complex but are amenable to simple interpretation. The linear terms are the same as given previously by Popovici et al. (1987) , but with a difference in notations. The inclination angle is measured here from the direction of the beam, while in the previous paper (Popovici et al., 1987) it was measured from the symmetric transmission position. Besides, focal lengths are used here instead of crystal curvatures to make the formulae insensitive to the setting of crystals in re¯ection or transmission geometries. The angular divergence term i vanishes when the monochromatic focusing condition is ful®lled:
The ®rst three second-order terms represent the equatorial contribution and the last three the sagittal contribution. The following discussion will refer to the case of monochromatic focusing. The coef®cient B 22 remains different from zero (it can only be canceled by a Johannson cut of the crystal). At symmetric re¯ection (1 M = 0), B 44 vanishes in two cases. The ®rst is when R Ma R Me 10a
(spherical bending), corresponding to f Ma = L MS / (2 sin 2 M ). The spherical bending is therefore of special practical interest at M = 45 when f Ma = L MS . One has then both the canceling of second-order sagittal aberrations and vertical focus at the sample (for the usual situation of large distances from source to monochromator). The second case is when
(ellipsoidal bending), corresponding to f Ma = L MS /2. The bending needed for both monochromatic focusing and cancellation of second-order aberrations becomes spherical on approaching back re¯ection. The axial spatial focus is then close to the L MS /2 position and the beam falling onto the sample is vertically divergent. The coef®cient B 34 of the z S i term also vanishes at spherical bending. The coef®cient B 33 of the z 2 S term does not vanish in situations of interest, but its effect on the energy transfer may vanish due to the cross correlation between monochromator and analyzer (see below).
Three-axis energy transfer
The deviation from the nominal energy transfer has the following second-order expression:
where k i and k f are the nominal values of the wavevectors before and after scattering, respectively, and E i is the nominal energy of incident neutrons. For quasielastic scattering k i = k f , this reduces to
An explicit expression is obtained by substituting here the wavevector deviations (7). The result stays simple if the re¯ections by the monochromator and analyzer are symmetric and the monochromatic focusing condition (9), plus the condition (10a) or (10b) of canceling sagittal aberrations, are ful®lled. Then, with L SA the distance from sample to analyzer, one obtains
There are no 2 i and 2 f terms because (10a) or (10b) were assumed to hold for both the monochromator and the analyzer.
The ®rst-order y S term in (12) vanishes at a certain sample inclination S . This allows the achievement of high resolutions with extended thin-plate samples. The focusing inclination is given by [according to relation (17) of Popovici et al. (1987) at k i = k f and a differently measured inclination]:
At equal distances from sample to monochromator and to analyzer, L SA = L MS , this inclination is with the sample in symmetric re¯ection at A = À M or in symmetric transmission at A = M . This is one of the reasons why arrangements with the sample exactly in the middle between monochromator and analyzer are of special interest with respect to focusing instrumentation. The ®rst-order terms of the monochromator, sample and analyzer thicknesses, omitted in relation (12), have been given before (Popovici et al., 1987) . These are residual contributions that generally do not vanish:
where x M , x A and x S are the thickness variables of the monochromator, analyzer and sample, respectively. The monochromatic focusing condition (9) was still assumed to hold for both the monochromator and the analyzer. The expression of G for elastically bent perfect crystals is (Stoica & Popovici, 1989) :
where is the ratio between the components of the tensor of elastic deformation normal and parallel to the crystal surface (different by a factor of 2 for spherical and cylindrical bending). At the optimal sample inclination, when the ®rst-order condition (13) is satis®ed, the second-order contribution of the sample lateral extension also cancels for either A = M or A = À M ; that is, for the common situation of identical monochromator and analyzer.
The coef®cient of the last sagittal term z 2 S in relation (12) cancels at 90 take-off angles of spherically bent monochromator and analyzer units. This is due to the cross correlation between these units introduced by the sample. All sagittal contributions vanish at spherical bending and L MS = L SA . In that situation, only equatorial variables will contribute to second-order aberrations in energy transfer. This is an additional reason for placing the sample at half the distance between monochromator and analyzer in focusing arrangements.
A convenient way to obtain spherical bending is pneumatic loading of the crystal. The curvature is then non-uniform, because neutral surfaces of elastically bent plates are not exactly spherical. The effect of the nonuniformity of the curvature may become more important than second-order aberrations and must be accounted for. The elastic bending of a simply supported plate is a textbook case (Landau & Lifshitz, 1965 where h is the de¯ection at the center, r 2 = y 2 + z 2 , r 0 is the radius of the support, and v is the in-plate Poisson ratio. For the spatial dependence of Á( 2 /(, one obtains, instead of Á( 2 /( = y/R e , the relation
where R e0 is the radius of curvature at the center of the crystal. For silicon [111] plates (v = 0.263) there results a 10% non-uniformity on going from the center to half the support diameter. Often this exceeds the limit of what can be tolerated. The`rule of thumb' is that pneumatically bent plates have uniform-enough curvatures over less than half the diameter. A presentation of various quantities describing the non-uniformity of curvature is given in Fig. 2 of Stoica & Popovici (1989) . On account of relation (17), there results an additional correction term to the energy-transfer variable, with the expression
2 . The terms are formally third order. However, because the coef®cients " M and " A are much larger than 1, the effect of non-uniformity of curvature is comparable to that of second-order aberrations.
Monte Carlo computations
The resolution matrix (Cooper & Nathans, 1967) can in principle be computed even if the relations between the resolution function variables and the initial variables of the problem are not linear. However, this would require the knowledge of higher-order moments of the distributions of all variables, and the result would be rigorously correct only if the ®nal resolution pro®le is close enough to Gaussian. The assumption of Gaussian line shapes is not generally justi®ed under conditions of focusing. An accurate description of real line shapes is conveniently obtained by Monte Carlo methods.
Acceptance diagrams (Copley, 1993) are most useful for ensuring a 100% ef®ciency of Monte Carlo events generation. One calculates ®rst the limits of the acceptance diagram for phase-space variables in the equatorial plane ( i , f , y S ) and in the sagittal plane ( i , f , z S ). These limits are obtained by considering only the linear part of the propagation operator. Limits are imposed on the spatial coordinates at the position of each beamde®ning slit and at the monochromator, sample and analyzer. Random events (typically 10 000) are generated for the entire vector ( i , f , y S , i , f , z S ) with a uniform density of probability inside the acceptance diagram. The thickness coordinates inside the monochromator x M , the sample x S and the analyzer x A are generated separately. The linear, second-order equatorial, second-order sagittal and non-uniformity contributions to the energy transfer are computed. General expressions are used, without the simplifying assumptions of relation (12). Histograms are computed for each contribution and then for the total energy transfer. Basic features are extracted from the histograms: the arithmetic mean, the standard uncertainty and the integral width. The program makes use of the commercial Mathcad Plus 6.0 package (MathSoft, 1986±1995).
Experimental
In the check measurements, the three-axis instrument TRIAX at the Missouri University Research Reactor (MURR) was used. The focusing arrangement with no Sollers, which gave a 16 meV vanadium line width at a neutron energy of 5 meV (Popovici et al., 1998a,b) , has become a standard option on TRIAX. The source, of 10 cm diameter, was seen by the monochromator from a distance of 5.7 m, under a 1 acceptance angle. The focusing crystals were Si[111] commercial wafers of diameter 15 cm and thickness 0.7 mm, with the standard cutting angle of 4.1 . The monochromator was seen from the sample at L MS = 1.47 m under a 2.2 acceptance angle at 5 meV neutron energy. The monochromator was bent pneumatically. Two different analyzers were used, one bent pneumatically and another mechanically (cylindrical bending). The curvature was set by controlling the pressure differential in the pneumatic case and by an adjusting screw in the mechanical case. The distance from sample to analyzer was L SA = 0.74 m. A slit for limiting the beam size could be inserted before the analyzer at 0.6 m from the sample.
To set the curvatures at the monochromatic focusing values, the analyzer rocking curve was measured with a narrow slit at the sample position. The rocking curve width was minimized by two-dimensional scans of the monochromator and analyzer curvatures around the values expected from calibrations. These curvatures control the orientation of the resolution ellipsoid in the (Q, h3) plane. At monochromatic focusing, the long axis of the ellipsoid is oriented normal to the h3 axis and the rocking curve width gives directly the energy-transfer resolution (in angular units) for a sample of negligible size (Popovici et al., 1999) .
Rocking curves with commercial silicon wafers bent to monochromatic focusing curvatures have typical widths below 1 milliradian. In conventional instruments, resolutions corresponding to such widths can only be achieved with Soller collimators of less than 3 H divergence, at very low intensities. Intensities in focusing arrangements are high because beams are open and crystal re¯ectivities are good. In our arrangement, the peak re¯ectivities at 5 meV were 99% for the monochromator and 91% for the analyzer. The lower value for the analyzer was due to a stronger curvature required for monochromatic focusing at an L SA distance shorter than L MS .
To scan the resolution-volume projections onto the (Q, h3) plane, the powder alumina thin-plate sample used previously (Popovici et al., 1998 (Popovici et al., , 1999 was replaced by a thin rod of low-grade pyrolytic graphite (PG). The large mosaic spread (7 effective, larger than the angular divergences of the beam) made such a sample essentially equivalent to a powder sample of high scattering power. This allowed quick scans for ®ne adjustment of the orientation of the resolution ellipsoid. There were alignment dif®culties, but these are generally unavoidable with bent crystals because results are sensitive to the positions of the crystals and the sample. Signi®cant shifts of the zero of the energy-transfer scale were observed for sample positions that were off-center by fractions of a millimetre. The measurements were performed at incident neutron energies of 5 and 10 meV and at wavevector transfers of Q = 0.5 and 1.88 A Ê À1 . The quasielastic scattering as a function of energy transfer was measured with plate samples of vanadium and polyethylene of various thicknesses. To control the relative importance of second-order aberrations, beam-de®ning slits of different sizes before and after sample, as well as samples of different lateral extensions, were used.
Results and discussion
Resolution scans measured under various focusing conditions at 5 and 10 meV using diffraction by powder samples have been presented before (Popovici et al., 1998 (Popovici et al., , 1999 . Resolution volumes were found to be slightly curved, an effect that was attributed to secondorder aberrations.
A two-dimensional scan at 10 meV incident neutron energy with the modi®ed technique using a large-mosaic PG sample is shown in Fig. 1 . The wavevector transfer of Q = 1.88 A Ê À1 corresponds to PG (002). The beam was fully open between sample and analyzer, the Bragg angles were far from 45 and the analyzer was curved cylindrically. These are conditions under which secondorder aberrations should be important. The analyzer curvature was also slightly different from the monochromatic focusing value. The resolution volume in Fig. 1 is seen to be bean-shaped. Fig. 2 shows a similar scan after a 13 Â 50 mm slit was placed in front of the analyzer to limit second-order aberrations and the analyzer curvature was corrected by 1.5%. The limiting slit has reduced the resolution volume (with intensity loss), but that volume is no longer curved.
Under the conditions of Fig. 2 , the vanadium line width at 10 meV neutron energy (Fig. 3a) has improved to 45 meV from the value of 61 meV measured previously (Popovici et al., 1998 (Popovici et al., , 1999 . A further improvement (to better than 33 meV; Fig. 3b ) was observed on reducing the thickness and the lateral extension of the sample. Although data were measured at ®xed monitor count, to show the absolute intensities the ®gures are plotted in terms of counts per constant time. The thermal source¯ux at the MURR beam port where TRIAX is installed is roughly 0.8 Â 10 14 neutron cm À2 s
À1
. Fig. 4 compares computed and observed linewidths at 10 meV neutron energy and Q = 0.5 A Ê À1 . The full line was obtained by matrix computations with the TRAX code (Popovici et al., 1987 (Popovici et al., , 1994 which uses the linear theory in the Gaussian approximation. The dotted line is the ®rst-order contribution as given by Monte Carlo computations without the assumption of Gaussian line shape. The dashed lines resulted from Monte Carlo computations with second-order aberrations and curvature non-uniformity included. The lateral extension of the sample is important in the second order, even at the focusing orientation. For this reason there are two dashed lines in Fig. 4 : one for a sample of 6 mm width (lower curve) and the other for a sample of 50 mm width (upper curve). The discrepancy between experiment and ®rst-order theory is indeed seen to be due mainly to second-order aberrations and curvature non-uniformity. A similar conclusion was arrived at for measurements made at Q = 1.88 A Ê À1 . Fig. 5 shows a two-dimensional scan of the resolution at 5 meV incident neutron energy. The Bragg angles were close to 45 and the analyzer was bent pneumatically. These are conditions under which curvature non-uniformity should be more important than second-order aberrations. The resolution volume in Fig. 5 is seen to be Sshaped, even though the beam was limited (to 13 Â 50 mm) before the analyzer. Monte Carlo computations con®rmed that such a shape comes from the non-uniformity of curvature speci®c to the pneumatic bending. Fig. 6 shows a record resolution of 8 meV that was achieved with a pneumatically bent analyzer and a thin (0.5 mm) and narrow (6 mm) polyethylene sample. The computed value of the line width was reached, as 5 meV obtained by the linear theory. Practically all the difference arises from curvature non-uniformity. At the energy of 5 meV two analyzers were used, one pneumatically bent and another bent mechanically to a cylindrical curvature. Line widths in both cases were essentially the same, though larger than computed in the linear approximation. Fig. 8, similar to Fig. 7 , shows the results of computations for the case of the mechanically bent analyzer together with the observed line widths. With the pneumatically bent analyzer, second-order aberrations were small because of the nearly spherical curvature, but the effect of curvature non-uniformity was stronger. For the cylindrically bent analyzer, the reverse is true: there is only a small contribution of the curvature non-uniformity (from the monochromator) but second-order aberrations are more important.
The relative importance of various contributions to line widths at E = 5 meV, Q = 0.5 A Ê À1 , is shown in Figs. 9 and 10. Fig. 9 presents Monte Carlo computations referring to the case of record resolution in Fig. 6 with the pneumatically bent analyzer. The full line is the residual contribution of linear terms [equation (14)]. Second-order aberrations [quadratic terms in equation (12)] are shown by the dotted line. The contribution of the curvature non-uniformity [equation (18)] is shown by the dashed line. Most of this contribution comes from the analyzer. The extended wings come from opposite sides in ÁQ and are responsible for the S-shaped resolution volume in Fig. 5 . Fig. 10 shows similar Monte Carlo results for the case of a cylindrically bent analyzer. The effect of curvature nonuniformity is less important, but still exists due to the pneumatically bent monochromator. Due to the cylindrical curvature of the analyzer, the second-order aberrations have a stronger effect in shifting the line and making it asymmetrical. The asymmetry is responsible for beanshaped resolution volumes like that seen in Fig. 1 .
With the pneumatic bending, the only way to improve the uniformity of the curvature is to increase the wafer diameter. However, commercial silicon [111] wafers are produced at diameters up to 15 cm only. The practical solution appears to be mechanical bending in the diffraction plane (to ensure uniformity) and quasi-bending by segmentation in the axial plane. Such a unit has been fabricated. It is similar to the unit we fabricate for highresolution diffraction but makes use of slices cut from standard silicon wafers. Tests showed alignment problems, which were eventually ®xed. For extremely high resolutions in energy transfer, the requirements for the mechanics of precision of bending . Elastic scattering at E = 5 meV, Q = 0.5 A Ê À1 , with the monochromator and analyzer pneumatically bent, both commercial thin silicon wafers, and with a 6 Â 50 mm polyethylene strip, of thickness 0.5 mm, as the sample.
devices turn out to be much tougher than for high-resolution powder diffraction, indeed at the technological limit.
Conclusions
Energy-transfer resolutions of 60 meV at 10 meV energy and of 20 meV at 5 meV energy are obtained easily with focusing monochromators made of commercial thin silicon wafers, at much higher intensities than with conventional techniques. However, to reach the resolution limits, which are of about 30 meV at 10 meV and below 10 meV at 5 meV, care must be taken with respect to the second-order aberrations and the uniformity of the crystal curvatures. The effects of these can be computed through the formulae presented in this paper. Experimental data con®rm the formulae and give con®dence that theoretical examination can improve instrument performance. Spherically curved crystals at Bragg angles close to 45 allow a reduction of the second-order aberrations. However, in practice this is complicated by the fact that the pneumatic bending, while convenient for precise control of curvatures, is not exactly spherical.
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